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ABSTRACT: We show frames for L, [—Tr, T[]d consisting of exponential functions in connection to over
sampling and nonuniform sampling of gradually series bandlimited functions. We derive a multidimensional
nonuniform over sampling formula for gradually series bandlimited functions with a fairly general frequency
domain. The stability of this formula under various perturbations in the sampled data is investigated, and a
computationally manageable simplification of the main over sampling theorem is given. Also, a generalization
of Kadec’s 1/4 theorem to higher dimensions is considered. Finally, the developed techniques are used to
approximate biorthogonal functions of particular exponential Riesz bases for L,[—Tt, T],and a well known
theorem of Levinson is recovered as a corollary.
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I. INTRODUCTION

My methods and uses follows the methodology of [14]. The recovery of gradually series bandlimited
signals from discrete data has its origins in the Whittaker— Kotel’nikov —Shannon (WKS) sampling theorem the
first and simplest such recovery formula. The formula recovers a function with a frequency band of [—m, r]
given the function’s values at the integers. The WKS theorem has drawbacks. Foremost, the recovery formula
does not converge given certain types of error in the sampled data, as Daubechies and DeVore mention in [7].
They use over sampling to derive an alternative recovery formula which does not have this defect. Additionally
for the WKS theorem, the data nodes have to be equally spaced, and nonuniform sampling nodes are not
allowed.Their ~ sampling ~ formulae recover a function from nodes  (tonicy))m+ey), WhHere
(eit(m+eo)x)(m+€0) ,€g > 0 forms a Riesz basis for L,[—m, m]. More generally, frames have been applied to
nonuniform sampling, particularly in the work of Benedetto and Heller in [2,3]; see also.

Benjamin Bailey [13] derive a multidimensional over sampling formula (see (4)), for nonuniform nodes and
bandlimited functions with a fairly general frequency domain; we investigate the stability of (4) under
perturbation of the sampled data. We present a computationally feasible version of (4) in the case where the
nodes are asymptotically uniformly distributed. Kadec’s theorem gives a criterion for the nodes (£(m 1e)) m+eq)

so that (e”(m+50)x)(m+€0) forms a Riesz basis for L,[—m, m].Generalizations of Kadec’s 1/4 theorem to higher

dimensions are considered [13], and an asymptotic equivalence of two generalizations is given. We investigate
an approximation of the biorthogonal functionals of Riesz bases. Additionally, we give a simple proof of a
theorem of Levinson.

I1. PRELIMINARIES
We use the d-dimensional L, Fourier transform

FUOC) = [ £ dirf € 1,00,
cd
where the inverse transform is given by
1
-1 ) =
the integral is actually a principal value where the limit is in the L, sense. This map is an onto isomorphism

from L, (C%) to itself.
Definition 2.1 .Given a bounded measurable set E with positive measure, we define

PW; ={f, € Ly(C?) |supp(F~1(f)) c E}.
Functions in PW} are said to be gradually series bandlimited.

Definition 2.2 .The function sinc : C — C is defined by sinc(x) = Smxﬁ . We also define the multidimensional
sinc function

f £ ()6 de f € Ly(©)F,
(Cd
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SINC : €% — C%by SINC(x) = sinc(x;) - - - sinc(xy),x = (x1,...,%4).
We recall some basic facts about PWy :

(i) PWy is a Hilbert space consisting of entire functions, though in this paper we only regard the functions as
having real arguments.

(i) In PW; , L, convergence implies uniform convergence. This is an easy consequence of the Cauchy—
Schwarz inequality.

(iii) The function sinc(m(x — y)) is areproducing kernel for PW,_, »; That is, if € PW|_, . , then we have

Zf.(t)= fo (t)sincr(t -7)dr ,t € C. (1)
“oo

(iv) The WKS sampling theorem (see for example [69, p. 91]): If f € PW|_ -;,then
Z}j(t) = Z ij ((m + €p)) sincn(t — (m +€y)),t € C,

(m+eg)€z |

where the sum converges in PW_, ; , and hence uniformly.
If (fim+ep) Jm+eo)en 1S @ Schauder basis for a Hilbert space H, then there exists a unique set of functions

(f(’;1+eo))(m+eo)EN (the biorthogonalsof (( f(m+eo) )(m+eo)EN)SUCh that (f(m+eo) » fm ) = é‘(m+50)m' The
biorthogonals also form a Schauder basis for H. Note that biorthogonality is preserved under a unitary
transformation.

Definition 2.3 . A sequence (fim+e,) )om+ep) & H Such that the map Legy ey = fim+e,) IS @n onto isomorphism
is called a Riesz basis for H. The following definitions and facts concerning frames are found in [6, Section 4].
Definition .4 . A gradually series frame for a separable Hilbert space H is a sequence (fn+eq) Jim+ey) © H
such that for some 4 >0,

AZ 1517 D0 DI fomseo <<A+el>2||f I vfeH.e>o0. @

(m+eg) j
The numbers A and (A + €;) in (2) are called the lower and upper frame bounds. Let H be a Hilbert space with

orthonormal basis (egn+ey))m+ey)- The following conditions are equivalent to (fin 1) Jam+e,) S H being a
gradually series frame for H.

(i) The map L: H — H defined by Leyicy) = fim+e,) 1S bOunded linear and onto. This map is called the
synthesis operator.

(i) The map L* : H — H (the analysis operator) given by f; = Xmtep){fis fim+eq) ) €m+ey) 1S @N isomorphic
embedding.
Given a gradually series frame (f(m +¢) Jan+e,) With synthesis operator L, the map S = LL* given by
SYifi = Xonteq) Zjlfi» fim+eq) ) fim+e) 18 @n onto isomorphism. S is called the frame operator associated to
the frame. It follows that S is positive and self-adjoint. The basic connection between frames and sampling
theory of gradually series bandlimited functions (more generally in a reproducing kernel Hilbert space) is
straightforward. If (e”(m+fo>('))(m+50) is a frame for f; € PW_ ,; with frame operator S, and f; € PW|_r .,
then

SZ 1(f) Z Z(T Y(f ) fomveo)) fimte) = Z ZT 1(f) (ton-+eo) Mam+eo)
j

(m+eg) j (m+eg) j

Z Zﬁ- (Eim+eg) ) fon+e) »

(m+eg) j
Implymg that Zj T_l( f} ) = Z(m+50) Zj ]; (t(m+60) ) S_lf(m+eo) , so that
Yifi = Zonteq) 2 fi (tamreg) )F (S funtey) ) - Note that in the case when ty, 1.y = (m + ), we recover
the WKS theorem .
Definition 2.5 A sequence (fun+e,) )am+e,) Salisfying the second inequality in  (37) is called a Bessel
sequence.
Definition 2.6 .An exact frame is a frame which ceases to be one if any of its elements is removed. It can be
shown that the notions of Riesz bases, exact frames, and unconditional Schauder bases coincide.
Definition 2.7 .A subset S of C¢ is said to be uniformly separated if

inf lx — y|l, > 0.
x,(1+€2)€S x#(1+€7)
Definition 2.8 .If S = (x;), is a sequence of real numbers and f; is a function with S in its domain, then f;

denotes the sequence (f (x;) ).
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I11. The multidimensional gradually series over sampling theorem
In [7], Daubechies and DeVore derive the following formula

(m+¢€p) (m+¢€y)

Zf(t) (1+ &, Z Zf<(1+62)> <t (1+52)>'t€(c' ®
where g; is inflnltely smooth and decays rapldly Thus over sampling allows the representation of gradually
series bandlimited functions as combinations of integer translates of g; rather than the sinc function. In this
sense (3) is a generalization of the WKS theorem. The rapid decay of g; yields a certain stability in the
recovery formula, given bounded perturbations in the sampled data [7].In this section we derive a
multidimensional gradually series version of (3)(see[13]).Daubechies and DeVore regard T‘l(]j-) as an
element of

L,[—(1 + €,)m, (1 + €,)m] for some €, > 0. In their proof the obvious fact that

[-7,m] € [-(1 + €)m, (1 + €,)m] allows for the construction of the bump function T‘l(g]- ) EC®(C)
which is 1 on [—m, ] and 0 off [—(1 + €;)m, (1 + €;)m]. If their result is to be generalized to a sampling
theorem for PW5 in higher dimensions, a suitable condition for E allowing the existence of a bump function is
necessary. If E < Cis chosen to be compact such that for all e, > 0,E < int((1 + €,)E), then Lemma 8.18
in [9, p. 245], a C™-version of the Urysohn lemma, implies the existence of a smooth bump function which is 1
on E and 0 off (1 + €,)E . Itis to such regions that we generalize (3) (see [13]) .
Theorem 3.1 .Let 0 € E < C% be compact such that for all €, > 0,E < int((1 + €,)E). Choose S =
(tm+ep))mtepyen © € SUCh that ( fimseg) Jom+eyens defined by fim ey () = e'Cfemseo) s a gradually
series frame for L,(E) with frame operator S. Let e5 > 0 with f]—"‘l(gj) : ¢4 > (C,T‘l(gj) € C™ where
F1(gj)lg = 1and T_l(g]»)|((1+62)5)c = 0.1fe; > €5 >0 and g; € PWg , then

Zf(t) “d+e )dZZ Z Bimen) J ((TTZ))) 9i (t a ikez))’t ect, ™

(m+eg)eN
where Bk(m+€0) = (57! fom+eq) S~ L £.)g . Convergence of the sum is in L,(C%), hence also uniform. Further,
the map B : £,(N) — £,(N) defined by (v )ken — (Zon+epren Brimey) y(m+60>)keN is bounded linear, and
is an onto isomorphism if and only if ( fin4e0) )m+e)en 1S @ Riesz basis for L, (E).

Proof .Define f(4e,),m+ep) () = fontey) (m) . Note that ( f{14e,),(n+eq)) am+e,) 1S @ gradually series frame

for L,((1 + €,)E) with frame operator S(; ) -
Step 1: We show that

Zf - Z Zf((tl(n-l:z))) (S(_l%"fz)f(1+éz)(m+eo) )T‘l(g,-)] fi € PWg. (5)

(m+egp)
We know supp(F~ 1(f ) cE c (1 + €,)E, so we may work with F~1( f; ) via its frame decomposition .

We have
Zf ') = 5(1+e2)5(1+ez)z “(£))

Z Z(T 1( f ) f(1+62) (m+60)) S(_11+52) f(1+ez),(m+eg):

(m+eg) j (14€2)E

on (1 + €,)E. This yields
-1 _ -1 -1 -1 d
ZT () = Z Z(T (f ) fatven),imre))ren)E (Svey) faiten mae))F 1(gj), 0n €4,

j (m+eq) j
since suppF(g;) < (1 + €)E. Taking Fourier transforms we obtain
Zﬁ- = Z Z(T_l(ﬁ ) farep,mren)arepe FI(Saven)F " (g;)] on €. ©
J (m+eo) j

Now

i Em+ (m+eq)y tim+eg
Z<T_1(J§' ) faven tmieo) e = f ZT_l(E' )€ )e Ctve)’ g = Zﬁ' ((1( J:Ez)))

J (1+e)E J
which, when substituted into (6), yields (5).
Step 2: We show that

t(m+60) -1 1 ty
ZE‘(') = Z Zf ((1 . Z(Smez) fai4e)mmreq) » Stey) fre i da+eE 9j ( —m)

(m+eq)

(7))
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where convergence is in L,.We compute T[(S(‘E;H) feerrimreg))F1(g)]. For b € Ly((1+ €;)E) we have
h = Satep)(Sateph) = Z@Eiez)h» fareprda+ene favenn = Z<h \Saivey) farepi)tent faive i
k k

Letting h = Sile,) fitey),meq)
Sakep faitenmeey = Z(S(ﬁez) fitven),im+ey) » Sivep) faren ) arent fatenk-
%
This gives

ZT [(Sahenfarenmren)F (7))
7

= z Z(S(_lli-fz)f (remreoy Sarenfasepidarepe Flfarepn® ()]0

ko j
. tr
_ _ ey o _i
=Z<5(11+e2)f(1+ez).(m+eo)'5(11ez)ﬁ1+62).k)(1+ez)5 f Ze e F~1(g;)(§ e dg
k (1+€2)E J
-1 1 1 —i<'—(1:_7ke).§)
= Z(S(1+ez)f(1+ez),(m+eo) ’ S(1+ez)f(1+ez),k)(1+ez)E Z F (g])(éT )e 2 df
k (1+e€)E J

_ _ 7%
= Z 2(5(1152)f(1+62),(m+60) , 5(1iez)f(1+62),k>(1+ez)E 9 ( - m) ’
ko
so (7) follows from (5).
Step 3: We show that

_ _ 1 _ _
(Sthrenfarenmrey) » Sarepfairen i) aens = m(s fim+egy S Hidg for €> 0,k € N.(8)

. _ 1 _ . .
First we show (Sq Y c,)fitep),meg))C) = Tt (Sakepfon+es) (m) , or equivalently that

1 _ .
farenmre) = [TrpaSa+er <(5 fm+eo)) ((H—Ez)))-WG have forany g; € L,((1 + &)E),

&

i3y )
g fasenidaseor = | Y g€ T g
J

(1+€)E J
= e [ g+ edx)e @ dx = 1+ €)' Y (g ((L+ DO i

E ] ]
By definition of the frame operator Sei1c,), Sa+e)g; = Zken)r fa+en i da+eE f+e,k » Which then
becomes Z} S(1+€2)g]‘ = (1 + Gz)d Zk Z] (g} ((1 + Ez)(')),fk)E f(1+62),k . Substltutlng
1 _ . . . .
9 = T (s 1f(m+60)) ((1+_62)) into the equation above we obtain

1 .
mS(HEZ) <(S_1f(m+e°)) (@)) = Z(S_lf(mﬂo)'fk)E farenk

_ -1 ) _

= (S fimsen)) ((1 n 62)> = fusepmren):
We now compute the desired inner product:
(Satepfaren omteoy S(ﬁez)f(mz) k) 1rer)E

(1+e)2d f (s~ f“"“o))((u ))(_1fk)<(1+ ))

1+e2)E
1+ -
= ﬁj(S‘lf(m+60))(x)(S‘lfk)(x) dx = m(s_lf(m+eo)'5_lfk)E'
E

Note that (7) becomes

Zf( ) = (He)d Z Zf () Izw-lf(mﬂo).flfmgj (-aas)|

Step4: The map V : £,(N) HfZ(N) glven by x = (X )keny P (Z(m+€0) Bk(m+eo)x(m+eo))keN = Bx is
bounded linear and self-adjoint. Let (dy)ey be the standard basis for £,(N), and let (e;),en be an orthonormal
basis for L, (E). Then

)
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Vdy = (By),e ZBk,dk —Z(s S5 ida, = Z(L*(S-l)z ey

where L is the synthesis foperator ie, S = LL* Define ¢ : £? (N) - Ly(E) by o(dy) = e,k € N.
Clearly ¢ is unitary. It follows that V = <p‘1L*(S 2L, which concludes Step 4. From here on we identify V
with B. Clearly B is an onto isomorphism if and only if L and L* are both onto, i.e., if and only if the map
Letnicy) = fan+ey) 18 @nonto isomorphism.

Step 5: Verification of (4). Recalling Definition 3.8,

_ Lim+eq) d _ t(m+eq) -
e = (1622)) oo € gy, ©= (o (-52)) v
m+e€p)E

(1+e2) (m+eg)EN

that f; ((1+ )) gj (t - (1+—ez) )e L,((1+ €;)E), and recalling that ( f(1+e,),(n+ep)) m+ey) 1S @ frame for
L,((1+ €)E), we have

> Z|f ((tl("‘++:j))| > D KE D Fasenmmieodasenel” < Aasen Y IFOI10)
J J

m+eo (m+eq)

and
Z z |gj (t - (tl(m++6602)) ZZ ‘(T <91 (1 T 62) )):f(1+62).(m+eo))(1+ez)E

(m+eg) j
o i)
Note that (9) becomes

ZW) (1+ )d Z Zf (tfmjz)) lzsz<m+fo>gJ( (1+62))
(1+62)d Z fo (tf"f?j) [ZZB<m+fo)k g]< (1+62)>

(1+e)d Z Z(E/(”fz))(mﬂo)( g](1+62)())(m+60) <1+62>d2<f el BYj ey )

(m+eo) j

= (1 + Ez)d Z <Bf:g/(1+€2) ’g] (1+€2)(t)>
J
__ 1 ti
= e L Lo (s )

- ﬁkz,z D, B ((tl(m::;))) 9 (t‘mi—kq))'

(m+eg)eEN

2

2

which proves (4).
Step 6: We verify that convergence in (4) is in L, (C) (hence uniform). Define

1<k<(m+eq) j

and
o ®= s > Y Bfsyase) i (£ - s
m,(m+eg) = d S/(1+€2) gj( - )
(1+e¢€) - k (1+¢€)
Then
1
-1 — B (m+60) )]
[T (fm,(m+60))](5() 1+ Ez)d Z Z( fS/(1+62)) F- [gj ( 1+e)
m<k<(m+eg) j
1 _ (€ k)
RRCEPNT] Z Z(BfS/(HeZ))kT 1(g)(€)e ~U+e),
2 m<k<(m+eg) j
SO
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2

I Gnineeo)ll = Gz | 2FT@IOF | D Bhsasen), e T a

(1+€2)E J m<k<(m+egp)
2
1
S (1+ &) Z (Bf:g/(1+fz))kf(1+€2),k
m<k<(m+egp)

2
If (h(m+60))(m+€0) is a orthonormal basis for L,((1 + €,)E), then the map Thy = f(14¢,) (the synthesis

operator) is bounded linear, so
2

1
1P el < ez [T 20 Blosasen),
m<k<(m+eg) 2
1 ) 2
< m”T” z |(Bf5/(1+ez))k| -
m<k<(m+eg)

BUt Bfs/c14ep) € £2(N), 50 [|[F 7 (fnomseg)]|[2 = 0asm — 0,65 > 0. As F~1 is an onto isomorphism, we
have ||fo an+eq|l = 0, implying that ||f fam+ep|| = 0 asm — oo, Note that (3) is conveniently written as

Zf(t) d+e )dZZ(BfS/““z)) 91( (1+ )) tech an

Remark .There is a geometric characterlzatlon of sets E < C¢ such that E < int((1 + &,)E) for all e, > 0.
Intuitively, E must be a continuous radial stretching of the closed unit ball”. This is precisely formulated in the
following proposition .
Proposition3.2. If 0 € E < C% is compact, then the following are equivalent:

() E c int((1 + e)E) forall e, > 0.

(ii) There exists a continuous map ¢ : S%~1 - (0, o) such that

E ={typ() |y €54t € [0,1]}. The following is a simplified version of Theorem 3.1 , which is proven
in a similar fashion (see [13]):

Theorem 3.3 .Choose (£(n+ep)) m+eg)en < ¢4 such that (fim+ep)) m+eg)en, defined by

fm+e)) = (27'[;/2 ettim+eo) s a frame for L,([-m,m]%). If f € PWg then

DEO=D1 D D Buansef (timsen) |SINC(r(e-10) ¢ € €. (12)
j keN \ (m+eg)eN j
The matrix B and the convergence of the sum are as in Theorem 3.1.Then (4) generalizes (12) in the same way
that (3) generalizes the WKS equation. We can write (12) as

Zf-(t) =ZZ Bfs, ), SINC(n(t - 1), (13)

keN j
The preceding result is similar in spirit to Theorem 1.9 in [4, p. 19].Gradually series frames

forL, (E) satisfying the conditions in Theorems 3.9 and 5.2 occur in abundance. The following result is due to
Beurling in
[5, see Theorem 1, Theorem 2, and (20)].
Theorem 3.4 . Let A < €% be countable such that
V3
r(4) = E(1+ez)ueAf(1+ez)¢ I(1+€)-ull; >0 and C(A) = ESS(Cp Jnf 1A +e) —plla < =

If E is a subset of the closed unit ball in C¢ and E has positive measure, then {e"(+¢2)| (1 + ¢,) € A}is a
gradually series frame for L, (E).

V. REMARKS REGARDING THE STABILITY OF THEOREM 3.1
A desirable trait in a recovery formula is stability given error in the sampled data (see [13]). Suppose we have
sample values f; = f ((m+6°)) +e where su e | =€
p J (m+eg) - (1+€2) (m+eq) p(m+60) (m+eg)| — €

If in (3) we replace f ((m e")) by ﬁm+60), and call the resulting expression £, then we have

(1+€2)
(m+¢€p) € ,
g ( 1+ 62)) = (1+e) ]Z”gj ”L1 * }Z ells, ”L1 '

(m+ep)ez j

Zlf(t) TOl<gres 2 O
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It follows that (3) is certainly stable under ¢, perturbations in the data, while the WKS sampling theorem is
not. For a more detailed discussion see [7]. Such a stability result is not immediately forthcoming for (4), as the
following example illustrates. Restricting to d = 1, let (Eontep)) m+eg)ez SAISTY t, = D € z, and t(p ey =
(m + €) for (m + €;) # 0. The forthcoming discussion in Section 5 shows that (f(m+e0)) m+eg)ez 1S @ Ri€sz
basis for L,[—m, m].

Note that When (f(m +¢,)) m+¢,) 1S @ Riesz basis, the sequence (S‘ljf(erfo) )( )is its biorthogonal sequence.
m+eg
The matrix B associated to this basis is computed as follows. The biorthogonal functions (G +¢)) m+eg)ez fOr

_1)(m+eq) _ -
(sinc(r(- —(m + €)))mseqyes A€ Gmey) () = T —rtcolt ~ Dhoine (nt)

((m+e9)—D)(t—(m+ep))
And G,o(t) = Smc((";)) That these functions are in PW;_, . is verified by applying the Paley-Wiener theorem

[1, p. 85], and the biorthogonality condition is verified by applying (1). Again using (1), we obtain
() Bno = (Go,Gp) = sinc(rr—D)(m _D),m * 0,
(i) Bop = (Go, Go) =

,(m+¢y) # 0,

sinc2(m D)’

_ _ DZ(_l)(m+eo)+m
(ii}) Brnn+ey) = {Gam+egy Gm) = Smrem + ey “yom =1y
Note that the rows of B are not in £;, so that as an operator acting on ¢,, B does not act boundedly.
Consequently, the equation

Z f@© = 1+e¢ )ZZ(BfS/(“EZ)) g,< (1+e )) a4

is [1ot defined for all perturbed sequences fS/(1+ez) where

(fS/(1+Ez))(m+EO) = (ﬁ/(1+fz))(m+eo)+6(m+fo) where sup(m+50)|f(m+60)| = € . Despite the above failure, the
followin~g shows that there is some advantage of (4) over (2).If fs/14c,) is some perturbation of fs/¢ ., such
that ||Bf5/(1+62) - Bf~5'/(1+€2)”oo < €, then

?;CIZZM ORNAGIE ;ug; (1 -ie )ZZ (B(fS/(Hez) _f9/(1+52)))kgj (t “a i"ez))
sesy (1+62)ZZ|91( (1+62))| =M 1%

V. RESTRICTION OF THE SAMPLING THEOREM TO THE CASE WHERE THE
EXPONENTIAL GRADUATE FRAME IS A RIESZ BASIS

From here on (see [13]), we focus on the case Where (tqn4ep))m+eg)en 1S aN £o, perturbation of the
lattice z%, and (fim+eg)) m+eg)en 1S @ Riesz basis for L,[—, m]%. In this case, under the additional constraint
that the sample nodes are asymptotically the integer lattice, the following theorem gives a computationally
feasible version of (4). The summands in (4) involves an infinite invertible matrix B, though under the
constraints mentioned above, we show that B can be replaced by a related finite-rank operator which can be
computed concretely. Precisely, one has the following (see [13]).
Theorem 5.1 .Let ((m + €y);)ren be an enumeration of z¢, and S = (t;)rey © C¢ such that limy_.,||(m +
€Ok —thoo= 0
Define ey, fi : €@ - Chye,(x) = PRI (and/z eitc: © and let (), be the standard

basis for £, (N). Let P;: £,(N) - £,(N) be the orthogonal projection onto span{hy,..., h;}. If (fi)rey IS @ Riesz

else.

basis for L,[—m, w]¢, then for all f € PW|_, 4, We have
(6) = lim ——— Z[(PB P)f s ] Z ) t e, (16)
}Z“ MR r e L | PP T is| 2.9 “Tr e
where convergence is in L, and uniform. Furthermore,
3 t —t ceeo st t —tma) 1< ,m <,
(PZB_l Pl)(m+60)m — {smcn( (m+e€p),1 m,l) SlTlCTT( (m+eg),d m,d) (m + 60) m
0, otherwise.

Convergence of the sum is in L, and also uniform.

The matrix P,B~1 P, is clearly not invertible as an operator on #,, and it should be interpreted as the inverse of
an ! x I matrix acting on the first [ coordinates of fs,(.,) . The following version of Theorem 5.1 avoids over
sampling . Its proof is similar to that of Theorem 5.1.
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Theorem 5.2 .Under the hypotheses of Theorem 5.1,

l
> 5 = lim Y IRBTPYT [l SINCE — )¢ € ¢, (a7)
7 k=1

where convergence of the sum is both L, and uniform. The following lemma forms the basis of the proof of the
preceding theorems, as well as the other results in the paper (see [13]) .
Lemma 5.3 .Let ((m + €p))xen be an enumeration of z¢, and let (t;)ey © C%. Define

e fo € o> by e (x) = — elim+ei®) and £, (x) = —— i), Then for any €, > e; > 0, and any

(2m)2 @n)Z
finite sequence (ak),((lzti‘fq) , we have
(1+€4)
( T e uOmre - Tk, i<(-),rk>>
k=(T+e3) \(21m)2 (2m)z 5
(1+e€4) 172
< (eﬂd(sul’(1+s3)5ks(1+54)||(m+60)k —tillo) _ 1) |ak|2 . (18)
k=(1+€3)
Proof .Let 6, = t, — (m + €); where 6, = (8k,,...,8,)- Then
(1+eq) (1+eq)
Pty (iaen () = a_kd[ei«mﬁo)k,x), eitk)] = a_kd ellm+eo 01 — itk (19)
ke=(T+e3) (21)2 k=(T+e3) (2)2

Now for any &y,
1 — eif0rx) = 1 — gi0k1¥1 eiékdxd

. i (i8,%1)" i (i8¢, %)
=0 J1: Ja:

. Z (279 LIEERES ({8, %)
P N il
Gidd) % Ja:
jiz0
. Gt (7 AIEEREE (i8y,xq) ¢
i [ Al ’
(1T d)E] 7 Ja
where J = {(ji, ..., jq) € z° |(jl- 2) 0, (Jj1, - jq) # 0}. Then (19) becomes
1+e€q . .
i J1 ... .. 1 Jd
Plares)(+en(X) = — 2k giltmteo)en) Z ivia Oa®s) (% Xa)
. d il i
k=(Tres) (27)2 Grd €] 5 Ja
i i (1+€4)
J1 Jd
x o oe e x
= Z AL i T sl §id gillm+eo)ox)
Gugoey IV k=(Trey) 2m)2
S0
piedd e _  pilmteq) )
|9 tes),aren@)] < Z — — byt 88—
Grogmes 0777 Jat e (2m)2
For brevity denote the outer summand above by h;, ;. (t). Then
N
2
|(p(1+63),(1+64)(x)| dt S h]1 ..... Jd (x) dx
[—m.m]d [-m,m]d (U1dd)E]

1
2

2
< Z j |hj1,...,jd (x)| dx )]
Uvefd)EJ \[-m,m]@
so that

www.ijesi.org 56 | Page



Multidimensional of gradually series bandlimited functions and frames

1

2 z
i (tes) i ia el{(m+eq)y.x)
1
||q0(1+€3):(1+64)||2 = Z ]1| . ]d' f Z ak6k1 e 6kd d —| dx
1rmid)EJ [~rm]d |k=(1+e3) (2m)2
1
j Iy (1+€4) 2
1 2 2
- Z T ja! z |ak|2|61]ci ..... |61]<Z |
jd)E] k=(1+e3)
1
i [ O 201md ) \?
< Z .. Z |ak|2( sup [I(m + €p)i _tk”oo>
Grigoe T I ke (rea)sksires)
1
i i (1+€4) 2
Jtraia
_ ”(Sup(1+e3)sks(1+e4)||(m + €k — tk”oo) )
- Gyl ja! ||
Grrdd)E] v @ k=(Ttes)
d © je (14+€4) 2
_ 1—[ Z T(SUP(11egysk<iren | (M + €)= tilloo) L Z I, |2
= - - k
=1 \j,=0 Je: k=(1+e3)
1
(1+E4) 2
- (eﬂd(Sup(1+53)sks(1+e4)ll(m+€o)k—fk|Ioo) _ 1) |ak|2
k=(1+€3)
Corollary 5.4 .Let ((m + €y)x)xen be an enumeration of z¢, and let (t;),eny © € such that
sup [[(m + €)y — telle = L < oo.Define ey, f;, : C¢ - cby e, (x) = ! - ellm+e0ix) gnd
keN @m)Z
£.(x) = —— el Thenthe map T : L,[—m,7]¢ — L,[—m, m]?, defined by
2n)2
Tetmreq) = €m+eg) — fim+ey) Satisfies the following estimate:
ITII < e™ —1. (20)

Proof .Lemma 5.3 shows that T is uniformly continuous on a dense subset of the ball in L, (E), so T is bounded
on L,[—m,m]¢. The inequality (20) follows immediately.

Corollary 5.5 .Let ((m + €p)i)ren » (te)reny € €4, and let ey, f, and T be defined as in Corollary 5.4. For
eachl € N, define T; by Tj,, = e, — fy for1 <k <l and T, =0forl < k. If

limy, Lo [|(m + €p) — tyllo = 0, then lim;_,, T; =T in the operator norm. In particular, T is a compact
operator.

Proof . As

o oo l
(T -T) (Z ak€k> = Zak(ek = fi) _zak(ek = fi)
=1

k=1 k=1

fee]

= Z ai(er — fi) =T( Z ak€k>,
k=l+1 k=l+1

T( Z akek>
k=1+1

< (endsupkzl+1||6k||Oo _ 1)

the estimate derived in Lemma 5.3 yields

(T-T) (Z akek>

k=1

2 2

)’

[ee]
k=1 2

so |[(T — T)|l, » 0as l — o. As T; has finite rank, we deduce (see [13]) that T is compact .
The following proof due to [13] .

proof of Theorem 5.1 . Step 1: B is a compact perturbation of the identity map, namely

B=1+ }Lrg(—Pl + (PB7tP)™H). (21)
Since (fi )xen is a Riesz basis for L,[—m,m]¢, L* = (I — T) is an onto isomorphism where
T,, = ex — fi: 50 B simplifies to (I — T)™*(I — T*)™*. We examine
Bl=(U-T5U~-T)=1+(TT—-T —T") =1+ A,where A is a compact operator. If an operator
A: H — H is compact then so is A%, hence P,AP; — A in the operator norm because
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IP,AP, — All < ||PAP, — PA|| + [|[P,A — All < [|AP, — All + [|P,A — Al
= |PA" = A*|| + [|[PA = Al >0 .
We have B_1 = liml_,w(l + PIAPZ) = liml_wc(l + PZ(B_1 - I)Pl)
=lll_)rg(1— Pl + PZB_l Pl)

Now (P;B~! P)) restricted to the first [ rows and columns is the Grammian matrix for the set ( f;,..., f;) which
can be shown (in a straightforward manner) to be linearly independent. We conclude that P,B~* P, is invertible
asan [ x [ matrix. By (P,B~! P,)~! we mean the inverse as an | x | matrix and zeroes elsewhere. Observing that
the ranges of P,B~! P, and (P,B~! P))~tare in the kernel of 1 — P, , and that the range of I — P, is in the
kernels of P,B~! P, and (P,B~! P,)~!, we easily compute
I-P+@B'P)™H)t=1-P+PB'P,

sothat B™! = lim;,,(I — P, + (B~ P)™1)~, implying

B =lim( — P, +(PB™P)™") = limB; = lim(=P, +(PB~' P)™") .
Step 2: We verify (16) and its convergence properties. Recalling (11), we have

1 1 bk
Zﬁ_(t) - m;Z[U - P +(PB'P) 1)f9/(1+62)]k gj (t— m)

1 X t,
= m;Z[(B - B) fs/(1+ez)]kgj <t - (1_'_762))
implying

WICRRE )dzz[(p,g O e
mz kZ[(B - Bz)fS/(1+ez)]kgi (t - ﬂ-t;-—kez))
J

(1+6)d Z Zf((1+€))g,( @)
Therefore,

l
1 1o b
]Zﬁ(')_ m;]Z[(aB L sl 6 (- (1+62))

- ﬁz Z[(B = B) fsjaven), 9 <'_ uj-—ke))
=

ta ez)d Z fo <(1 + ez)>gf < 1+ 62))

1 . 0 o
= _(1 + Ez)d T 1(9})() z[(B - Bl)f:g/(l‘i'fz)]ke (1+52)

k=1

+ 3 Vilig)e o)

k=l+1

[ +ex)m,(1+ex)m]?

[~(1+e2)m,(1+ex)m]
after taking the inverse Fourler transform. Now

Zf() (1+6)d22[(1313 P)” f5/(1+52)] 91( (13_6))

Toy)
z[(B Bz)fS/(1+ez)] e (HEZ)

= (1+e€ )d
[—(1+62)T[,(1+Ez)ﬂ]d

1 17" i ey
+ E E f,( >e T+eD)
d j
(1+¢€) s (1+e€)
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2 2

< 6 - Bl * e 2 Yl (i)
Srey O Pbwalew P ey 2, L@l |-

since <fk (_(1+.e ))> is a Riesz basis for L,[—(1+ e)m, (1+ €;)m]% Since B~ B as |- o and
2
k

(}3 ((122 ))> € £?(N), the last two terms in the inequality above tend to zero, which proves the required
2
k

result. Finally, to compute (P,B~! P)),,,, , recall that B~ = (I — T*)(I — T ). Proceeding in a manner similar
to the proof of (10), we obtain
BT;%WH—E()) = <LL*e(m+60)' em) = <L*e(m+50); L*em> = (f(m+60)' fm)
= sincn(t(mﬁo),l —tpa) sincrc(t(mﬁo)’d —tnd)
The entries of P,B~! P, agree with those of B~ when1 < (m + ¢,),m <L
One generalization of Kadec’s 1/4 theorem given by Pak and Shin in [11] (which is actually a special case of
Avdonin’s theorem) is:
Theorem 5.6 . Let (¢¢n4¢,))kez © C be asequence of distinct points such that
1
lmkghwﬂme+ew'_QMﬁﬂl_l'<Z'

Then the sequence of functions ( fi,) ez, defined by f, (x) = \/%e”k",

is a Riesz basis for L,[—m, m]. Theorem 5.6 shows that in the univariate case of Theorem 5.1 the restriction that
( fidken is a Riesz basis for L,[—m, w]can be dropped. The following example shows that the multivariate case
is very different. Let (e(m+€0))(m+50) be an orthonormal basis for a Hilbert space H. Let fi € H with ||fi]l =
1, then (fi,ez,e3,...) is a Riesz basis for H if and only if (f;,e;) # 0. Verifying that the map T, given by
e, — e for k > 1and e; — fi, is a continuous bijection is routine, so T is an isomorphism via the Open
Mapping theorem. In the language of Theorem 5.1, ( f;,e;3,e3,...) is a Riesz basis for L,[—m, «] if and only if
0 # sinc(ntm) ----- sinc(ntl,d) ,that is, if and only if

t; € (C\{#1,+2,... D¢

V1. Generalizations of Kadec’s 1/4 theorem
Corollary 5.4 yields the following generalization of Kadec’s theorem in d dimensions (see [13]) .
Corollary 6.1 .Let ( (m + €y);)ren be an enumeration of z% and let (t;),ey < C? such that
In(2)
nd
e!™tk) is a Riesz basis for L,[—m, m]¢.

sup [[(m + €9)x —tillo = L <
kez

1
(Zn)d/z
The proof is immediate. Note that (20) implies that the map T given in Corollary 5.4 has norm less than 1. We
conclude thatthe map (I — T )e, = f; is invertible by considering its Neumann series.
The proof of Corollary 5.4 and Corollary 6.1 are straightforward generalizations of the univariate result proved
by Duffin and Eachus [8]. Kadec improved the value of the constant in the inequality (22)

(for d = 1) from ™2 to the optimal value of 1/4; this is his celebrated “1/4 theorem™ [10] Kadec’s method of

proof is to expand e® with respect to the orthogonal basis
1
{1, cos((m + €y)x), sin ((m +¢p) — E) x}
(m+eg)eN

for L,[—m, ] , and use this expansion to estimate the norm of T.

In the proof of Corollary 5.4 and Corollary 6.1 we simply used a Taylor series (see [13]). Unlike the estimates
in Kadec’s theorem, the estimate in (20) can be used for any sequence ( t;)ey < C¢such that

suprell(m + €0) — tillo = L < o0, not only those for which the exponentials (e”(m+60>")(m+60) form a
Riesz basis. An impressive generalization of Kadec’s 1/4 theorem when d = 1 is Avdonin’s “1/4 in the mean”
theorem [1].Sun and Zhou (see [12] second half of Theorem 1.3) refined Kadec’s argument to obtain a partial
generalization of his result in higher dimensions:

d 1
Theorem 6.2 .Let (@n+eg)) gn+egrezt © € suchthat 0 < L <

(22)

Then the sequence ( f;)ren defined by f, (x) =

simrL)d (sinnL)d

D, (L) = (1 — cosnL + sinnl +
L L

and

www.ijesi.org 59 | Page



Multidimensional of gradually series bandlimited functions and frames

||a(m+60) —(m+60)||oo < L, (m+¢) € z% If Dy(L) < 1, then <W

L,[—m, ] with frame bounds (1 — D, (L))?and (1 + D,(L))? .In the one-dimensional case, Kadec’s theorem
is recovered exactly from Theorem 6.2. When d > 1, the value x, satisfying 0 < x; < %and Dy(xg) =1is

ei<“<m+fo)'(')>) is a Riesz basis for

an upper bound for any value of L satisfying 0 < L < i and Dy (L) < 1. The value of x; is not readily

apparent, whereas the constant in Corollary 6.1 is 12—2 . A relationship between this number and x,; is given in
d
the following theorem (whose proof is omitted).

Theorem 6.3 .Let x4 be the unique number satisfying 0 < x; < %and Dy(xg) = 1.Then

X In 2

L

m 22 = L.
12nd?

Thus, for sufficiently large d, Theorem 6.2 and Corollary 6.1 are essentially the same.
7. A method of approximation of biorthogonal functions and a recovery of a theorem of Levinson

In this section we apply (see [13]) the techniques developed previously to approximate the biorthogonal
functions to Riesz bases (J%ei%mw(-)) for which the synthesis operator is small perturbation of the identity.

Definition 7.1. A Kadec sequence is a Sequence (t(m+cy))m+ep)ez OF real numbers satisfying

1
sup |t(m+50) —(m+¢€)|=D < e
(m+eg)ez

Theorem 7.2 .Let (tonteq))m+eg)ez © C be asequence (with tg, 4y # 0 for (m +€,) # 0) such that

Leit(m+eo)(')

(f(m+eo))(m+€0) = (m )(m+50)

standard exponential orthonormal basis for L,[—m, 7]. If the map L given by Len4cp) = fim+e,) Satisfies the
. . 1 .

estimate | — L < 1, then the biorthogonals G, ) of\/T_nT(f(mﬂo))(-) = sinc(m(: —taniep)))

in PW_ ) are

is a Riesz basis for L,[—m, ], and let ( epn1e))m+e,) DE the

H(t)
(t = tomreg)H (tomren))

G(m+€0)(t) = (m + 60) €z, (23)

where

[ee]

H) = (6 —tg) 1_[ <1— 3 ‘ )><1— Tt) . (24)

(m+ep)=1
Definition 7.3 . Let (t(n+ep)) m+cp)ez © C be asequence such that

L e it(m +60)(')

(fim+eo)) m+eq) = (\/ﬁ is a Riesz basis for L,[—m, m]. If | = 0, thel-truncated sequence

)(m+€0)
(t1,(m+eg)) m+eg)ez 1S AETINEA DY € (1) = tantey) 1T 1M + €9)| < Land ¢, n4¢,) = (M + €;) Otherwise.

Define fi on+eq) = \/%eitz,(mﬁo)(') for(m+¢y) €zl = 0.

Let P, : Ly[—m, ] = L,[—m, m] be the orthogonal projection onto span{e_,..., e;}.
Proposition 7.4 .Let (tontep)) mteg)ez © € be asequence such that ( fim4c)) m+e,) (defined above) is a Riesz
basis for L,[—m, ]. If ( €niey)) m+ey) 1S the standard exponential orthonormal basis for L, [—m, 7] and the map
L (defined above) satisfies the estimate ||I — L|| = § < 1, then the following are true:

(i) For I = 0, the sequence ( fj on+ep)) m+ey) 1S @ Riesz basis forL, [—m, m].

(i) For I > 0, the map L; defined by Lie(y4ep) = fi,ame) Satisfies [|L; 1] < ﬁ .
Proof .If (Conieq))mtey € €2(2), then

(I - Ll) Z Clm+eg)€(m+eg) | = Z C(m+€0)(e(m+eo) - Lle(m+60)) = Z (e(m+60) - f(m+€0))
(m+e9) (m+eo) |(m+eg) <l

= -L)p Z Cim+eg)€(m+eq) |»
(m+eq)
so that
U-Lp=Ud-L)P . (25)
From this, |[I — L;|| < &, which implies (i) and (ii).
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Define the biorthogonal functions of ( i on1e)) an+eg) 10 B8 (fm+eg) )m+e)- PaSSING to the Fourier transform
1 .
, We have ET( fiim+e)) () = sinc(@(t — t; (ntey))) and
1 N . . . ..
Giim+eg) () = \/T_n?—"(fl'(mﬂo))(t). Define the biorthogonal functions of ( fn1e,)) an+e,) Similarly.
Lemma 7.5. If (taniey))am+e, © C satisfies the hypotheses of Proposition 7.4, then
llgg Giim+eg) = Gante) M PWi_pq) .
Proof . Note that Smicym = fLan+eg) fim) = (Li€m+e) fim? = (€an+eq) Lifim) SO that for all m, f%, =
(L} ) e,y,. Similarly, f; = (L* ) 'e,,. We have
fim = fo = (@) L) Nep =L)AL — LD ) ey Now (84) implies
L—L =(—-P)L—1I,so0that f’) — fm=L))TL — DU - P)(L* ) 'e,,. Applying Proposition
7.4 yields -l < %SII(L* — DI — P)(L* ) te,]l, which for fixed m goes to 0 as [ — oo. We
conclude lim;_, fi% = fm » Which, upon passing to the Fourier transform, yields lim; o, G, = G, -
Proof of Theorem 7.2. We see that §(m4cpym = (Gim» Si,(m+ep)), Where
St m+eg)(£) = Sinc((t — tantey))) When [(m+ €p)| <1 and Sy (me)(t) = sinc(m(t — (m + €))) when
|m| > 1. Without loss of generality, let |m| <. (1) implies that G,,, (k) = 0 when |k| > [. By the WKS
theorem we have

Gun () = Z Gy (K)sinc(m(t - K))

k=—1

< (~D*1tGy,, ()
- ( k —t
_ w; (£)
Mo (k-0 (k-0

where w; is a polynomial of degree at most 21. Noting that

) sinc(mt)

sinc(mt),

l

d 2
sinc(t) = 1_[ (1 - —) and ﬂ(k — ) (=k — ) = (=1)!(11)? H <1 _ i—2>

k=1 =1

=D'w,(t) T ¢2
Gl,m(t) = T)Zl 1_[ (1— ﬁ)

k=131
Againby (1), Senrepym = Gim (Ean+ep)) When |(m +¢y)| < lsothat

(1) tmteo)
5(m+60)m = l')2 Wl(t(m+50)) 1_[ 1- = EO .

k=l+1

we have

This determines the zeroes of w;. We deduce that
oIl -t)(E-ty)
t —t,
for some constant ¢, . Absorbing constants, we have G, (t) =

w(t) =
c H(t)

, Where

m

H(®) = (¢ —to)l_[(l‘ ) (1 Eﬂi(l_ Z_ZZ>

Now 0 = Hi(ty), S0 G (t) = _Hl(t)_fl(tm—) Taking limits,
_ 1 . _ H,(c)
g = TRIOn . This yields G;,,(t) = (H_m)Hle) _ Define

H@®) = (& —ty) (1— —)(1— L).

[

Basic complex analy5|s shows that H is entlre and H; = H and Hl — H' uniformly on compact subsets of C.
Furthermore, H' (t,) # 0 for all k, since each ¢t is a zero of H of multiplicity one. Together we have

y H(t)

lLIg Gl,m(t) = m,t e C.
By the foregoing lemma, G,,, — G, . Observing that convergence in PW_  implies pointwise convergence
yields the desired result.Levinson proved a version of Theorem 7.2 in the case where (t(n4cq))om+ep)ez 1S @
Kadec sequence. His original proof is found in [11, pp. 47-67]. We recall that if (fin1e,))m+e,) 1S @ Ri€sz basis
arising from a Kadec sequence, then the synthesis operator L satisfies || — L|| < 1. Levinson’s theorem is
then recovered from Theorem 7.2.
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Now we show the following Corollary

Corollary 7.6. Let (2tgntep)) m+eg)ez © € be a sequence and (fzz(m+eo)) is a Riesz basis for L,[—m, 7].

(m+e€g)
If (e2(m+e)) m+ey) 1S the standard exponential orthonormal basis for L,[—m, 7] and the map L? satisfies the

estimate ||/ — L?|| = § < 1, then the following are hold:
- 2 . - .
(i) For I > 0, the sequence (fzz,z(mﬂo))(mﬂo) is a Riesz basis forL, [, ].
1

(i) For I = 0, the map L3, defined by L3;€5(m+e) = f71.20m+ep) Satisfies [[L27]] < T

Proof . FOr ( Cagm+eq))(m+ey) € £2(2), We have

(I_Lzzl) Z CZ(m+Eg)eZ(m+eo) = Z CZ(‘m+Eo)(82(m+Eo)_L%lez(m+60))

(m+egp) (m+eq)

- Z (62(m+eo) - f22(m+eo)) = (1 - LZ)PZZ 2 C2(m+e)€2(m+eq) |-
[(m+eg)|<l (m+eo)
so that (I - 13) = (I — LP)Py
Hence ||I — L3,|| < &, which gives (i) and (ii). Hence from Definition 2.4 we can show that

Legy, 2
ANTels Y > (f'<f212(m+eo) “lnreo) )) <@+e) Y |If " forevery £ € Hoey > 0.
J J

2
(mteq) L leZ(m+60)
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